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Abstract
We present a general formulation of the ground state binding energy of a shal-
low hydrogenic impurity in spherical quantum dot with parabolic confinement,
considering the effects of polarization and self energy. The variational approach
within the effective mass approximation is employed here. The binding energy
of an on-center impurity is computed for a GaAs/ AlxGa1−xAs quantum dot
as a function of the dot size with the dot barrier as parameter. The influence
of polarization and self energy are also treated separately. Results indicate
that the binding energy increases due to the presence of polarization charge,
while decreases due to the self energy of the carrier. An overall enhancement in
impurity binding energy, especially for small dots is noted.
Keywords: Quantum dot, parabolic potential, impurity state, polarization
charge, variational technique
1. Introduction
As impurities in semiconductor nanostructures play a crucial role in de-
termining the electronic and optical properties of quantum devices, study of
impurity states in nano-scale attracted attention in the field of low-dimensional
semiconductor research. With the pioneering work of Bastard [1, 2] in the early
80’s, a lot of work on impurity states in quantum wells (QWs) [3, 4], quantum
well wires (QWWs) [5, 6] and quantum dots (QDs) [7, 8] has been reported in
the last three decades. As the spatial confinement of carriers is stronger in QDs
than in QWs and QWWs with the same confining dimensions, the bound states
are most pronounced for impurities within a QD. Thus, the study of impurity
binding energy in QDs becomes of prime interest. Theoretical studies involve
QD models of a finite or infinite (square or parabolic) confining potential with
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off-center or on-center impurity. Perturbation method [9, 10, 11] and variational
method [12, 13, 14, 15] emerged as the main tool for the theoretical estimations.
However in a finite-barrier QD, dielectric mismatch at the dot-barrier interface
causes image charges formed by the ionized impurities and carriers. Presence
of these charges provides an additional potential energy to the carriers that
should further influence the impurity states. This aspect was investigated in
refs. [16, 17, 18]. Later, Movilla et al. [11] estimated binding energies consid-
ering polarization and self-polarization energies for a spherical QD with a finite
square well potential barrier. The same problem with second order band non-
parabolicity was solved by Bose et al. [19] using variational method. However,
the binding energy for a shallow hydrogenic impurity in spherical QD with a
finite parabolic potential well, taking both the polarization and self-polarization
charges into consideration is yet to be studied. The problem will therefore, be
addressed in the present communication.
The variational technique will be employed to determine the ground donor
state for the above QD. In the first section, the model for theoretical formulation
will be developed with a shallow hydrogenic donor at an arbitrary location
within the dot. Results computed for a GaAs/ AlxGa1−xAs QD with an on-
center donor will be presented in the next section. The ground donor state will
be estimated for dots of different barrier heights and radii in order to find the
influence of polarization and self-energy on it. The concluding remarks will be
presented in the final section.
2. Theory
In the effective mass approximation, the envelop function ψ of an electron
in a finite barrier QD is described by the Schro¨dinger equation as[
p2
2m∗
+ V (r)
]
ψ = Eψ (1)
where p, m∗ and E are the momentum, effective mass and energy (w.r.t. the
conduction band edge) of the electron. V (r) is the perturbation term arising
from the discontinuity in conduction band edge at the interface of the dot and
the embedding materials.
If we assume parabolic confinement within the spherical QD, which provides
a more realistic picture, V (r) can be defined as
V (r) =
1
2
mwω
2r2 for r ≤ R (2a)
V (r) =
1
2
mwω
2R2 = V0 for r > R (2b)
where mw is effective mass of electron in the well material, ω is frequency of the
parabolic potential and R is the dot radius. The electron wave function comes
as
2
ψ (r) = Aexp
(
−λr
2
2
)
1
1F
{
1
2
(
3
2
− µ
)
;
3
2
;λr2
}
for r ≤ R (3a)
ψ (r) = B
exp (−χr)
r
for r > R (3b)
where A and B are the normalized probability amplitudes of the wavefunction
after taking into the boundary conditions, 11F stands for confluent hypergeo-
metric function, λ = m∗wω/h¯, µ = E/h¯ω, χ =
√
2m∗b (V0 − E) /h¯2 and m∗b is
effective mass of electron in the barrier material.
Applying the continuity condition of the wave functions and their space
derivatives (Ben Daniel-Duke condition) at the dot boundary, we get the fol-
lowing equation
1
1F
{
1
2
(
3
2 − µ
)
; 32 ;λR
2
}
1
1F
{
1
2
(
7
2 − µ
)
; 52 ;λR
2
} = 1− 23µ
1− m∗wm∗b .
(1+χR)
λR2
(4)
This is to be solved numerically to find out the ground state energy (E0) of an
electron confined in the dot.
In the presence of a shallow hydrogenic impurity located at any arbitrary
position r′ from the centre of the QD, Eq. 1 is modified as[
p2
2m∗
+ V (r) + Vc (r, r
′) + Vp (r, r′) + Vse (r)
]
ψ = Eψ (5)
Here, Vc (r, r
′) is the coulomb interaction term between the donor and electron,
and is described as
Vc (r, r
′) = − e
2
4pi0w |r − r′| for r ≤ R (6a)
Vc (r, r
′) = − e
2
4pi0b |r − r′| for r > R (6b)
Effective energy of the electron due to the polarization charges induced by
the impurity is included as Vp (r, r
′) in Eq. 5. The expression of polarization
energy is obtained by solving the Poisson’s equation for a charge +e embedded
in a sphere of static dielectric constant w at the position r
′ from its center,
with the sphere itself surrounded by a material of dielectric constant b, and is
given by [20]
Vp (r, r
′) = − e
2
4pi0wR
∞∑
n=0
(n+ 1) (w − b)
nw + (n+ 1) b
(
rr′
R2
)n
Pn (cosθ) for r ≤ R
(7a)
Vp (r, r
′) = − e
2
4pi0br
∞∑
n=0
(n+ 1) (w − b)
nw + (n+ 1) b
(
r′
r
)n
Pn (cosθ) for r > R (7b)
3
where θ is the angle between the two vectors r and r′, and Pn is the nth Legendre
polynomial.
The carrier itself induces polarization charges and the net potential energy
of the carrier due to those charges, i.e., the self energy of the carrier is given by
[20]
Vse (r) = −1
2
eφind (r) (8)
where φind (r) is the electrostatic potential due to the self polarization charges.
It can be obtained first by solving Poisson’s equation for the potential at point r
due to the electron (charge −e) located at a position r′ from the dot center, and
then for the limit r′ → r with both r′ and r located either in the well material
or in the barrier material simultaneously. Finally Vse (r) can be expressed as
[20]
Vse (r) = − e
2
8pi0wR
∞∑
n=0
(n+ 1) (w − b)
nw + (n+ 1) b
( r
R
)2n
for r ≤ R (9a)
Vse (r) = − e
2
8pi0br
∞∑
n=0
(n+ 1) (w − b)
nw + (n+ 1) b
(
R
r
)2n+1
for r > R (9b)
In principle, the ground state binding energy for the donor located at any
arbitrary position r′ from center of the QD, can be estimated by variational
method. The trial wave function is taken as
ψ (r) = N (β) exp
(
−λr
2
2
)
1
1F
{
1
2
(
3
2
− µ
)
;
3
2
;λr2
}
exp (−β |r − r′|) for r ≤ R
(10a)
ψ (r) = N (β) exp
(
−λR
2
2
)
1
1F
{
1
2
(
3
2
− µ
)
;
3
2
;λR2
}
R
exp (χ (R− r))
r
exp (−β |r − r′|) for r > R (10b)
For the sake of simplicity we will calculate the binding energies for on-center
impurity, i.e. r′ = 0. If H is the Hamiltonian of the carrier for r′ = 0, then the
energy of the carrier is given by
4
E
′
0 (β) = 〈ψ (r)|r′=0H|ψ (r)〉r′=0
= 4piN2 (β)
[
− h¯
2
2m∗w
(
3
2
− µ
) ∫ R
0
[
exp
(−λr2) exp (−2βr) [(1− βr − λr2)
1
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3
2
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)
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3
2
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2
3
λr2
(
7
2
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)
1
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− 2
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3
2
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)
+ βr + λr2
}
1
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1
2
(
7
2
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)
;
5
2
;λr2
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1
1F
{
1
2
(
3
2
− µ
)
;
3
2
;λr2
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dr
− h¯
2
2m∗w
∫ R
0
exp
(−λr2) exp (−2βr) [λ2r4 + 2λβr3 +{β2 − (3
2
+ µ
)}
r2
−
(
1
2
+ µ
)
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(
3
2
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1
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1
2
(
3
2
− µ
)
;
3
2
;λr2
}]2
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∫ R
0
exp
(−λr2)
exp (−2βr)
[
V0
R2
r4 − q
2
4pi0w
r − q
2
4pi0wR
(
1
b
− 1
w
)
r2 +
1
2
q2
4pi0w
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dr+R2exp
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[
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1
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(
3
2
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3
2
;λR2
}]2
exp (2χR)
[{
− h¯
2
2m∗b
(χ+ β)
2
+ V0
}
− q
2
4pi0br
+
q2
8pi0w
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1
r2n+2
R2n+1
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R
exp {−2 (χ+ β) r} dr
]
(11)
The binding energy of an on-center hydrogenic donor can be finally estimated
as
Eb = E0 − E′0 (12)
where E
′
0 is the minimum value of E
′
0 (β) w.r.t. β.
3. Results and discussion
In this communication, GaAs−AlxGa1−xAs spherical QD with finite parabolic
confinement is used to compute the ground state electronic energy, and thereby,
the binding energy (Eb) associated with the shallow hydrogenic donor. The band
gap discontinuity is determined by the Al-composition in the barrier material
AlxGa1−xAs, and is expressed as ∆Eg (eV) = 1.247x, which is distributed 62%
at the conduction band and the rest in the valence band [21]. For an electron
confined within the dot, the conduction band offset forms the barrier. Material
parameters used for computation are taken from ref. [21]. As binding energy
is the highest for an on-center impurity [22], we have restricted our numerical
computations only for such impurity.
Figure 1 exhibits the ground state binding energies for a donor in GaAs−
Al0.3Ga0.7As spherical QD as a function of the dot size. To find the individual
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Figure 1: Ground state donor binding energy as a function of the size of GaAs−Al0.3Ga0.7As
QD: (a) without polarization and self energy, (b) with polarization only, (c) with self energy
only and (d) with both the polarization and self energy.
and finally the overall contribution of polarization and self-polarization charges
on impurity binding energy, curves for various situations - in absence and pres-
ence of above charges are presented in the figure.
The overall binding energy is found to increase due to consideration of both
kinds of charges induced at the dot boundary. As the dielectric constant of GaAs
dot is larger than that of the Al0.3Ga0.7As barrier, the ionized donor located at
the center of the dot induces polarization charges of the same polarity at the
dot-barrier interface [17, 18]. The electron acquires additional potential energy
due to interaction with these induced charges. The electron-ionized donor in-
teraction is thus strengthened and donor binding energy increases. Similarly,
an electron strictly confined within the dot induces charges of its same polarity
at the dot boundary [17, 18]. Interaction of the electron with such self-induced
charges being repulsive in nature weakens the overall electron-donor interaction,
and reduces the binding energy Eb. Thus, self energy partly compensates the
effect of polarization energy. In a finite barrier QD, a part of the electron al-
ways spills over into the barrier, and the effects of both the polarization and
self energy discussed above are reduced to some extent. The overall increase in
binding energy is still noticeable. Further, strong spatial confinement of carriers
in small dots gives rise to strong interactions. Thus, binding energy increases
with decrease in the dot size, and peaks at a certain dot radius. For further
reduction in dot size, binding energies in all above cases fall drastically due to
lack of effective carrier confinement, and eventually converge.
In Fig. 2, results for the model with both the polarization and self-energy
contributions are shown for three different Al concentrations in the embedding
(Al,Ga) As alloy. A larger value of x implies higher barrier for the finite QD.
In the figure, the impurity binding energy is found to be larger in dots with
6
Figure 2: Ground state donor binding energy in the presence (solid) and absence (broken) of
polarization and self-energy as a function of the size of GaAs−AlxGa1−xAs QD of different
potential barriers: (a) 0.348 eV for x = 0.45, (b) 0.232 eV for x = 0.3 and (c) 0.116 eV for
x = 0.15.
higher barriers. Stronger confinement of carriers in such dots results in higher
value of the ground state electronic energy as well as stronger interactions. Thus,
for x = 0.45, value of the binding energy peak is maximum, and it appears for
the smallest dot, as expected. On the other hand, binding energies in all three
cases tend to converge due to spreading of electron wave functions in too large
dots.
4. Conclusion
The overall change in impurity binding energy due to polarization and self-
polarization energy is calculated for an on-center impurity within a spherical
QD with parabolic confinement. Our calculations indicate an increase of 1.2%
in the maximum binding energy (Eb) after inclusion of the polarization and
self-energy effects in the GaAs/Al0.3Ga0.7As system, almost similar to the vari-
ations reported for a square well potential[19]. However, for a parabolic po-
tential the binding energy peak appears at 3.9 nm, contrary to the peak at
3.1 nm in the case of the square well potential, implying weaker confinement.
Here the influence of the polarization and self-energy effects is strongest for the
GaAs/Al0.45Ga0.55As material combination. A 2.2% enhancement in binding
energy is obtained for nearly 11% mismatch in static dielectric constant (∆r)
between the dot material and the barrier material. In case of larger ∆r, a
greater amount of induced charges of both kinds will appear at the well-barrier
interface and it will have a greater influence on the donor binding energy. The
treatment presented in this communication would therefore, be more significant
for dot-barrier material combinations with larger dielectric mismatch.
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